Previously when describing “how does supervised learning work™, we have
e A training data {x;, v}
e A regression/classification function f

e A loss function L(y;, f(x;)) that evaluates the performance of f on one

sample (x,y)

e training error: averaged loss over the n training samples
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e test error: averaged loss over N future test samples
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e Suppose {x;‘,y;k}jvzl is a set of test data with test error given by
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Naturally, we would like to have a very large test set. If N — oo, the
average above is equivalent to E(Y™* — f(X*))? where (X*,Y*) ~ some
distribution P(x,y). Although this distribution P is often unknown in
practice, we can still mathematically formulate the test error as an

expectation.

e It's reasonable to assume the training data as iid samples from the same
unknown distribution. If the training and test data are governed by totally

different random processes, then learning is not possible.



e There are some learning algorithms that try to extract knowledge from one
domain and then adapt it to other domains, but even those algorithms

assume that something are shared across different domains.

e As a simple illustration, let's assume the training and test data follow the

same distribution P.

e Next let's take a glimpse of statistical decision theory for supervised

learning.



Statistical Decision Theory

e Assume (X,Y) ~ some distribution P(z,y).

e We have a loss function to evaluate the prediction accuracy of f,

for regression, e.g., L(y, f(x)) = (y — f(x))?,

for classification #, e.g., L(y, f(x)) =0 if y = f(x) and 1 otherwise.

e The final criterion is the averaged loss (a.k.a., Risk)

R[f] = Ex y L(Y, f(X)).

The optimal f is given by f* = arg min R[f] and the optimal risk is
denoted by R* = R[f*] = miny R[f] (often called the Bayes risk).

aConsider only hard decision rules here.



Assume the joint distribution P is known. What's the optimal f*?

R[f] = ExyL(Y, f(X))

— Ex[Eyx LY, f(X)]. ()

Given X = z, the inside expectation Ey|x_, is over Y only.” You can view

(x) as
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where p(x) is the marginal distribution function of X and p(y|x) is the

conditional distribution function of Y given X = .

aLaw of iterated expectations. For a quick review on conditional probabilities, check

my 410 notes [Note_0901] on this page.


https://publish.illinois.edu/liangf/teaching/stat-410/stat-410-lectures/
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The problem of finding an optimal function f that minimizes R|f]

— reduced to a series of sub-problems: find the optimal value of f(z) to

minimize the inside expectation for each given x.
[ (x) = argmin Ey | x—, L(Y, a).
We can do this for every x, and then the resulting f* (of course, it may not be

continuous) minimizes R|[f].

turns out to be not difficult to solve: Y is just a one-dimensional (in
regression) or discrete (in classification) random variable. Of course the

solution would depend on the loss function L.
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e For regression with squared loss,
f*(z) = argminEy | x_, (Y —a)? = E[Y | X = 1]

What if we use absolute loss, L(y, f(x)) = |y — f(z)]?

e For classification with 0/1 loss,
ff(z)=1,ifP(Y =1] X =x) > 0.5.

This is known as the Bayes classifier (due to the connection with the
Bayes' theorem). This is why we call the corresponding risk, R[f*], the
Bayes risk.

e In practice, however, we don’t know P (so cannot calculate f*), but we
are provided with a set of random samples (x;,y;)?_; from P. And we

usually restrict our regression /classification function f to some family F.



If we have all the data (i.e., know the data generating process P), we have
e the risk of a function f: R[f] = Ex v L(Y, f(X))

e the optimal function f* with the optimal risk:

f*=argminRlf), R~ R[]

e the optimal function and optimal risk wrt the function space F:

fr=argmin Rlf], Ry = R|fF]

Given a set of training data of size n, all we have are
e the empirical risk of a function f: R,[f] = %2?21 L(y;, f(x3))

e the empirical optimal function wrt the function space F:

An = a Rn .
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A natural question: how far is R[fn7f] from the ideal performance R*?

Rlfnr] = R* = R[fnF]—RIf5]+RIf5] - R

= Variance + Bias

The first term can be decomposed as

R[fn,7) — Rulfn7) + Bulfo 7] — Rl /3] + Ralf3] — RIf3]
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Note that R[f] is the mean of R,[f], so the first term represents the variance

wrt the function space F.

@Usually we do not care whether f* is close to fn, 7. Actually f* may not even be

unique. All we care is the closeness in terms of their risk.



