It is desirable to have the width (called margin)
between the two lines to be large.

Solid Blue Line: The coefficients (b, b0) are not
— uniquely determined. We can scale them by any
number (pos/neg), the line stays the same.




1. Fixthe sign:y = +1 or -1.

b*x+b 0>0,ify=+1
b*x+b 0<0,ify=-1

It is desirable to have the width (called margin)
between the two lines to be large.

Solid Blue Line: The coefficients (b, b0) are not
uniquely determined. We can multiple them by any
number (pos/neg), the line stays the same.

2. Fix the magnitude: parameterize the two
dashed lines as

b*x+b 0= +1

b*x+b 0= -1
Two dashed lines determine this wide
avenue, and the solid line is in the middle.
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How to compute the distance
between these two parallel lines?

t B x'3 —z'3 1

177 1< <

(x — 2)

X2

X1-X2=0
X1
(1! '1)
Line: b*x + b0 =0
: direction

that is orthogonal to the line

In my calculation, the signs may not
be right, but all we care is the
magnitude (i.e., we should add
absolute value on each expression).



Max-Margin Problem

A DR
min - 1
min 18] (1)

subject to yi(B-x; + (o) —1 >0,

where 3 - x; = B'x; denotes the (Euclidian) inner product between two
vectors. The constraints are imposed to make sure that the points are on
the correct side of the dashed lines, i.e.,

B - x; 1 fory;, =+1
,B X5 - 1 for Y; — —1.




~ Convex quadratic optimization problem with
affine constraints.

- Any local optimum is a global optimum.

- KKT conditions are sufficient and necessary

~ Equivalence between the Primal and the Dual.

Max-Margin Problem

1 2
min — 1

subject to vi(B-xi + Bo) — 1 >0,

where 3 - x; = B'x; denotes the (Euclidian) inner product between two
vectors. The constraints are imposed to make sure that the points are on
the correct side of the dashed lines, i.e.,

B-x;+ 0y = +1 fory;, =+1,
B-x;+ 0y < -1 fory =—1.




Primal

1
min || 8]|°

B,60 2

subj to y;(x; - B+ Bo) —1 >0,
1=1,...,n

KKT conditions




First-order necessary
condition

Of ()
ox

=0




First-order necessary
condition

Of ()
ox

=0

direction that can reduce f(x)

forbidden direction that would
violate g(x)=b



First-order necessary
condition

Of ()
ox

=0

direction that can reduce f(x) If x is a local optimum for the

constrained optimization, then it

forbidden direction that would must satisfy the KKT conditions.
violate g(x)=b

o X Is active (lambda >= 0)

o X Is inactive (lambda = 0)



First-order necessary
condition

Of ()
ox

=0

If X is a local optimum for the
constrained optimization, then it
must satisfy the KKT conditions.

Define L

o X Is active (lambda >= 0)
o X Is inactive (lambda = 0)



Primal oud

L0
Imin —
min |8

subj to yi(Xi - B+ 60) —12>0,

1
max AN — — Z AiAjYiY; (X - Xj)

>\1:n 2 -
v,]

subj to Z)\iyi = 0,
A; >0

KKT conditions

Lagrange function
L(ﬁaﬁ@a)\lzn)
_Lig [ (xt _
=517 = S8+ 50) -1

:%WHQ — Z \iyi (x;8 + Bo) + Z Ai




Primal

min max




Primal

min max
x A>0

Under some conditions that are
satisfied here, we have




Primal

xr A>0

min max {f(x) — Ag(x) — b)}

[Equivalent and KKT conditions
‘can link the two sets of |

Dual

max min {f(:(;) — Ag(x) — b)}

A>0

Under some conditions that are
satisfied here, we have




Primal oud

L0
Imin —
min |8

1
max AN — — Z AiAjYiY; (X - Xj)

>\1:n 2 -
v,]

subj to Z)\iyi = 0,
A; >0

subj to yi(Xi - B+ 60) —12>0,

1=1,....n

KKT conditions

Lagrange function
L(ﬁaﬁ@a)\lzn)
_Lig [ (xt _
=517 = S8+ 50) -1

:%HﬁHQ — Z \iyi (x;8 + Bo) + Z Ai




Primal Dual

1
min _[|3]°

1
max AN — — Z AiAjYiY; (X - Xj)

>\1:n 2 ..
v,]

subj to Z)‘iyi = 0,
A > 0

13750 2
subj to y;(x; - B+ Bo) —1 >0,

1=1,....n

KKT conditions

Lagrange function
L(ﬁaﬁ@a)\lzn)
_1 2 L (T o
=18l —;Az[%(xmm 1

Why work with Dual?

1. Easler to solve

2. Many lambda_1i’s are zero
3. Leads to kernel trick

:%HQHQ — Z Aivi (%58 + Bo) + Z Ai




