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Hard Margin

Linear SVM for Separable Data

1. Formulate the Primal Problem (dim = p+1)
2. Solve the Dual Problem (dim = n)
3. KKT Conditions link the two sets of solutions
4. SV: data points on the dashed lines or on the 

wrong side of the datelines

Soft Margin

Linear SVM for Non-separable/Separable Data

Kernel Machine

Nonlinear SVM for Separable/Non-separable Data

Some Practical Issues 1. Binary decision to probability

2. Multiclass SVM



Some Practical Issues

1. From binary decision to probability

� · x+ �0 = 1
<latexit sha1_base64="oSxAok1bjBloqofrAQdrl9KeHCc=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8iZ1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8uhaA+</latexit><latexit sha1_base64="oSxAok1bjBloqofrAQdrl9KeHCc=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8iZ1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8uhaA+</latexit><latexit sha1_base64="oSxAok1bjBloqofrAQdrl9KeHCc=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8iZ1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8uhaA+</latexit><latexit sha1_base64="oSxAok1bjBloqofrAQdrl9KeHCc=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8iZ1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8uhaA+</latexit>

� · x+ �0 = 0
<latexit sha1_base64="6DzZ95aEzUo98V2xIBRzZwUun7g=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8ie1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8tAaA9</latexit><latexit sha1_base64="6DzZ95aEzUo98V2xIBRzZwUun7g=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8ie1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8tAaA9</latexit><latexit sha1_base64="6DzZ95aEzUo98V2xIBRzZwUun7g=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8ie1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8tAaA9</latexit><latexit sha1_base64="6DzZ95aEzUo98V2xIBRzZwUun7g=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8ie1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8tAaA9</latexit>

� · x+ �0 = �1
<latexit sha1_base64="KijDSTnEFCPYDpR890tMazCbL7Q=">AAACG3icbVDLSsNAFJ3UV62vqks3g0UQxJIUQTdCQRcuK9gHNKVMJpN26CQTZm7EEvofbvwVNy4UcSW48G+cpF1o64VhDufcyz33eLHgGmz72yosLa+srhXXSxubW9s75d29lpaJoqxJpZCq4xHNBI9YEzgI1okVI6EnWNsbXWV6+54pzWV0B+OY9UIyiHjAKQFD9cs115PC1+PQfKnrMSAT7FJfAnZDAkMvSB8m+ATnSt/Gl/jU6ZcrdtXOCy8CZwYqaFaNfvnT9SVNQhYBFUTrrmPH0EuJAk4Fm5TcRLOY0BEZsK6BEQmZ7qX5bRN8ZBgfB1KZFwHO2d8TKQl1Zt90Zob1vJaR/2ndBIKLXsqjOAEW0emiIBEYJM6Cwj5XjIIYG0Co4sYrpkOiCAUTZ8mE4MyfvAhatapj8O1ZpX49i6OIDtAhOkYOOkd1dIMaqIkoekTP6BW9WU/Wi/VufUxbC9ZsZh/9KevrB6m/oHU=</latexit><latexit sha1_base64="KijDSTnEFCPYDpR890tMazCbL7Q=">AAACG3icbVDLSsNAFJ3UV62vqks3g0UQxJIUQTdCQRcuK9gHNKVMJpN26CQTZm7EEvofbvwVNy4UcSW48G+cpF1o64VhDufcyz33eLHgGmz72yosLa+srhXXSxubW9s75d29lpaJoqxJpZCq4xHNBI9YEzgI1okVI6EnWNsbXWV6+54pzWV0B+OY9UIyiHjAKQFD9cs115PC1+PQfKnrMSAT7FJfAnZDAkMvSB8m+ATnSt/Gl/jU6ZcrdtXOCy8CZwYqaFaNfvnT9SVNQhYBFUTrrmPH0EuJAk4Fm5TcRLOY0BEZsK6BEQmZ7qX5bRN8ZBgfB1KZFwHO2d8TKQl1Zt90Zob1vJaR/2ndBIKLXsqjOAEW0emiIBEYJM6Cwj5XjIIYG0Co4sYrpkOiCAUTZ8mE4MyfvAhatapj8O1ZpX49i6OIDtAhOkYOOkd1dIMaqIkoekTP6BW9WU/Wi/VufUxbC9ZsZh/9KevrB6m/oHU=</latexit><latexit sha1_base64="KijDSTnEFCPYDpR890tMazCbL7Q=">AAACG3icbVDLSsNAFJ3UV62vqks3g0UQxJIUQTdCQRcuK9gHNKVMJpN26CQTZm7EEvofbvwVNy4UcSW48G+cpF1o64VhDufcyz33eLHgGmz72yosLa+srhXXSxubW9s75d29lpaJoqxJpZCq4xHNBI9YEzgI1okVI6EnWNsbXWV6+54pzWV0B+OY9UIyiHjAKQFD9cs115PC1+PQfKnrMSAT7FJfAnZDAkMvSB8m+ATnSt/Gl/jU6ZcrdtXOCy8CZwYqaFaNfvnT9SVNQhYBFUTrrmPH0EuJAk4Fm5TcRLOY0BEZsK6BEQmZ7qX5bRN8ZBgfB1KZFwHO2d8TKQl1Zt90Zob1vJaR/2ndBIKLXsqjOAEW0emiIBEYJM6Cwj5XjIIYG0Co4sYrpkOiCAUTZ8mE4MyfvAhatapj8O1ZpX49i6OIDtAhOkYOOkd1dIMaqIkoekTP6BW9WU/Wi/VufUxbC9ZsZh/9KevrB6m/oHU=</latexit><latexit sha1_base64="KijDSTnEFCPYDpR890tMazCbL7Q=">AAACG3icbVDLSsNAFJ3UV62vqks3g0UQxJIUQTdCQRcuK9gHNKVMJpN26CQTZm7EEvofbvwVNy4UcSW48G+cpF1o64VhDufcyz33eLHgGmz72yosLa+srhXXSxubW9s75d29lpaJoqxJpZCq4xHNBI9YEzgI1okVI6EnWNsbXWV6+54pzWV0B+OY9UIyiHjAKQFD9cs115PC1+PQfKnrMSAT7FJfAnZDAkMvSB8m+ATnSt/Gl/jU6ZcrdtXOCy8CZwYqaFaNfvnT9SVNQhYBFUTrrmPH0EuJAk4Fm5TcRLOY0BEZsK6BEQmZ7qX5bRN8ZBgfB1KZFwHO2d8TKQl1Zt90Zob1vJaR/2ndBIKLXsqjOAEW0emiIBEYJM6Cwj5XjIIYG0Co4sYrpkOiCAUTZ8mE4MyfvAhatapj8O1ZpX49i6OIDtAhOkYOOkd1dIMaqIkoekTP6BW9WU/Wi/VufUxbC9ZsZh/9KevrB6m/oHU=</latexit>

f(x) = � · x+ �0
<latexit sha1_base64="Dnpy87oScGVAvzEkUsrizIPxYz0=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDIjgm4KBV24rGAf0Cklk8m0oZnJkNwRy9CvceOvuHFREXHnp5hpC2rrhZDDOfdyzz1eLLgG2/60ciura+sb+c3C1vbO7l5x/6CpZaIoa1AppGp7RDPBI9YADoK1Y8VI6AnW8obXmd56YEpzGd3DKGbdkPQjHnBKwFC9YjUouyGBgRekj+NTXMWuJ4WvR6H5UtdjQMbYpb4E/NOGz/BU6dm9Ysmu2NPCy8CZgxKaV71XnLi+pEnIIqCCaN1x7Bi6KVHAqWDjgptoFhM6JH3WMTAiIdPddHrmGJ8YxseBVOZFgKfs74mUhDpzbjozr3pRy8j/tE4CwVU35VGcAIvobFGQCAwSZ5lhnytGQYwMIFRx4xXTAVGEgkm2YEJwFk9eBs3zimPw3UWpdjOPI4+O0DEqIwddohq6RXXUQBQ9oRc0QW/Ws/VqvVsfs9acNZ85RH/K+voGBcyleg==</latexit><latexit sha1_base64="Dnpy87oScGVAvzEkUsrizIPxYz0=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDIjgm4KBV24rGAf0Cklk8m0oZnJkNwRy9CvceOvuHFREXHnp5hpC2rrhZDDOfdyzz1eLLgG2/60ciura+sb+c3C1vbO7l5x/6CpZaIoa1AppGp7RDPBI9YADoK1Y8VI6AnW8obXmd56YEpzGd3DKGbdkPQjHnBKwFC9YjUouyGBgRekj+NTXMWuJ4WvR6H5UtdjQMbYpb4E/NOGz/BU6dm9Ysmu2NPCy8CZgxKaV71XnLi+pEnIIqCCaN1x7Bi6KVHAqWDjgptoFhM6JH3WMTAiIdPddHrmGJ8YxseBVOZFgKfs74mUhDpzbjozr3pRy8j/tE4CwVU35VGcAIvobFGQCAwSZ5lhnytGQYwMIFRx4xXTAVGEgkm2YEJwFk9eBs3zimPw3UWpdjOPI4+O0DEqIwddohq6RXXUQBQ9oRc0QW/Ws/VqvVsfs9acNZ85RH/K+voGBcyleg==</latexit><latexit sha1_base64="Dnpy87oScGVAvzEkUsrizIPxYz0=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDIjgm4KBV24rGAf0Cklk8m0oZnJkNwRy9CvceOvuHFREXHnp5hpC2rrhZDDOfdyzz1eLLgG2/60ciura+sb+c3C1vbO7l5x/6CpZaIoa1AppGp7RDPBI9YADoK1Y8VI6AnW8obXmd56YEpzGd3DKGbdkPQjHnBKwFC9YjUouyGBgRekj+NTXMWuJ4WvR6H5UtdjQMbYpb4E/NOGz/BU6dm9Ysmu2NPCy8CZgxKaV71XnLi+pEnIIqCCaN1x7Bi6KVHAqWDjgptoFhM6JH3WMTAiIdPddHrmGJ8YxseBVOZFgKfs74mUhDpzbjozr3pRy8j/tE4CwVU35VGcAIvobFGQCAwSZ5lhnytGQYwMIFRx4xXTAVGEgkm2YEJwFk9eBs3zimPw3UWpdjOPI4+O0DEqIwddohq6RXXUQBQ9oRc0QW/Ws/VqvVsfs9acNZ85RH/K+voGBcyleg==</latexit><latexit sha1_base64="Dnpy87oScGVAvzEkUsrizIPxYz0=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDIjgm4KBV24rGAf0Cklk8m0oZnJkNwRy9CvceOvuHFREXHnp5hpC2rrhZDDOfdyzz1eLLgG2/60ciura+sb+c3C1vbO7l5x/6CpZaIoa1AppGp7RDPBI9YADoK1Y8VI6AnW8obXmd56YEpzGd3DKGbdkPQjHnBKwFC9YjUouyGBgRekj+NTXMWuJ4WvR6H5UtdjQMbYpb4E/NOGz/BU6dm9Ysmu2NPCy8CZgxKaV71XnLi+pEnIIqCCaN1x7Bi6KVHAqWDjgptoFhM6JH3WMTAiIdPddHrmGJ8YxseBVOZFgKfs74mUhDpzbjozr3pRy8j/tE4CwVU35VGcAIvobFGQCAwSZ5lhnytGQYwMIFRx4xXTAVGEgkm2YEJwFk9eBs3zimPw3UWpdjOPI4+O0DEqIwddohq6RXXUQBQ9oRc0QW/Ws/VqvVsfs9acNZ85RH/K+voGBcyleg==</latexit>

Run a logistic regression wrt f(x_i). 



Some Practical Issues

2. Multi-Class SVM

Recall how logistic 
regression and QDA/LDA/
NB handle multi-class? 

Vanilla extension to multiclass
• One-vs-all
• One-vs-one

Formulate a multi-class SVM

min
�,�0,⇠1:n

1

2
k�k2 + �

X
⇠i

subj to yi(xi · � + �0) � 1� ⇠i,

⇠i � 0
<latexit sha1_base64="Kr0bgYUisAlbui+HwE3AE0/oeNc="></latexit><latexit sha1_base64="Kr0bgYUisAlbui+HwE3AE0/oeNc="></latexit><latexit sha1_base64="Kr0bgYUisAlbui+HwE3AE0/oeNc="></latexit><latexit sha1_base64="Kr0bgYUisAlbui+HwE3AE0/oeNc="></latexit>

fk(x) = �k · x+ �k0
<latexit sha1_base64="GddaN51URfOKfV75AxLqjnTs/Xs=">AAACLXicbVBNS8NAEN3U7/pV9ehlsQgVQRIR9CII9uCxgm2FpoTNZlOXbLJhdyKWkD/kxb8igoeKePVvuGkLanVg2cd7M8yb56eCa7DtkVWZm19YXFpeqa6urW9s1ra2O1pmirI2lUKqW59oJnjC2sBBsNtUMRL7gnX96LLUu/dMaS6TGximrB+TQcJDTgkYyqs1Qy9quDGBOz/MH4oDfI5dX4pAD2Pz5a7PgBRehF0aSMDfjfgQjzUvj+zCq9XtI3tc+C9wpqCOptXyai9uIGkWswSoIFr3HDuFfk4UcCpYUXUzzVJCIzJgPQMTEjPdz8fXFnjfMAEOpTIvATxmf07kJNalfdNZ2tWzWkn+p/UyCM/6OU/SDFhCJ4vCTGCQuIwOB1wxCmJoAKGKG6+Y3hFFKJiAqyYEZ/bkv6BzfOQYfH1Sv2hO41hGu2gPNZCDTtEFukIt1EYUPaJnNEJv1pP1ar1bH5PWijWd2UG/yvr8AjabqLc=</latexit><latexit sha1_base64="GddaN51URfOKfV75AxLqjnTs/Xs=">AAACLXicbVBNS8NAEN3U7/pV9ehlsQgVQRIR9CII9uCxgm2FpoTNZlOXbLJhdyKWkD/kxb8igoeKePVvuGkLanVg2cd7M8yb56eCa7DtkVWZm19YXFpeqa6urW9s1ra2O1pmirI2lUKqW59oJnjC2sBBsNtUMRL7gnX96LLUu/dMaS6TGximrB+TQcJDTgkYyqs1Qy9quDGBOz/MH4oDfI5dX4pAD2Pz5a7PgBRehF0aSMDfjfgQjzUvj+zCq9XtI3tc+C9wpqCOptXyai9uIGkWswSoIFr3HDuFfk4UcCpYUXUzzVJCIzJgPQMTEjPdz8fXFnjfMAEOpTIvATxmf07kJNalfdNZ2tWzWkn+p/UyCM/6OU/SDFhCJ4vCTGCQuIwOB1wxCmJoAKGKG6+Y3hFFKJiAqyYEZ/bkv6BzfOQYfH1Sv2hO41hGu2gPNZCDTtEFukIt1EYUPaJnNEJv1pP1ar1bH5PWijWd2UG/yvr8AjabqLc=</latexit><latexit sha1_base64="GddaN51URfOKfV75AxLqjnTs/Xs=">AAACLXicbVBNS8NAEN3U7/pV9ehlsQgVQRIR9CII9uCxgm2FpoTNZlOXbLJhdyKWkD/kxb8igoeKePVvuGkLanVg2cd7M8yb56eCa7DtkVWZm19YXFpeqa6urW9s1ra2O1pmirI2lUKqW59oJnjC2sBBsNtUMRL7gnX96LLUu/dMaS6TGximrB+TQcJDTgkYyqs1Qy9quDGBOz/MH4oDfI5dX4pAD2Pz5a7PgBRehF0aSMDfjfgQjzUvj+zCq9XtI3tc+C9wpqCOptXyai9uIGkWswSoIFr3HDuFfk4UcCpYUXUzzVJCIzJgPQMTEjPdz8fXFnjfMAEOpTIvATxmf07kJNalfdNZ2tWzWkn+p/UyCM/6OU/SDFhCJ4vCTGCQuIwOB1wxCmJoAKGKG6+Y3hFFKJiAqyYEZ/bkv6BzfOQYfH1Sv2hO41hGu2gPNZCDTtEFukIt1EYUPaJnNEJv1pP1ar1bH5PWijWd2UG/yvr8AjabqLc=</latexit><latexit sha1_base64="GddaN51URfOKfV75AxLqjnTs/Xs=">AAACLXicbVBNS8NAEN3U7/pV9ehlsQgVQRIR9CII9uCxgm2FpoTNZlOXbLJhdyKWkD/kxb8igoeKePVvuGkLanVg2cd7M8yb56eCa7DtkVWZm19YXFpeqa6urW9s1ra2O1pmirI2lUKqW59oJnjC2sBBsNtUMRL7gnX96LLUu/dMaS6TGximrB+TQcJDTgkYyqs1Qy9quDGBOz/MH4oDfI5dX4pAD2Pz5a7PgBRehF0aSMDfjfgQjzUvj+zCq9XtI3tc+C9wpqCOptXyai9uIGkWswSoIFr3HDuFfk4UcCpYUXUzzVJCIzJgPQMTEjPdz8fXFnjfMAEOpTIvATxmf07kJNalfdNZ2tWzWkn+p/UyCM/6OU/SDFhCJ4vCTGCQuIwOB1wxCmJoAKGKG6+Y3hFFKJiAqyYEZ/bkv6BzfOQYfH1Sv2hO41hGu2gPNZCDTtEFukIt1EYUPaJnNEJv1pP1ar1bH5PWijWd2UG/yvr8AjabqLc=</latexit>

min
�,�0,⇠1:n

1

2

KX

k=1

k�kk2 + �
X

⇠i

subj to fyi(xi)� fy(xi) � 1� ⇠i,

⇠i � 0
<latexit sha1_base64="WDxfIN4h20b00po8thj+X+ArLm4="></latexit><latexit sha1_base64="WDxfIN4h20b00po8thj+X+ArLm4="></latexit><latexit sha1_base64="WDxfIN4h20b00po8thj+X+ArLm4="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="uYxxkEzzOgHa0rnCD7UY431D/tg="></latexit><latexit sha1_base64="uYxxkEzzOgHa0rnCD7UY431D/tg="></latexit><latexit sha1_base64="Mv7Dukvq0jBzuG1CP00EUCkgqwE="></latexit><latexit sha1_base64="WDxfIN4h20b00po8thj+X+ArLm4="></latexit><latexit sha1_base64="WDxfIN4h20b00po8thj+X+ArLm4="></latexit><latexit sha1_base64="WDxfIN4h20b00po8thj+X+ArLm4="></latexit><latexit sha1_base64="WDxfIN4h20b00po8thj+X+ArLm4="></latexit><latexit sha1_base64="WDxfIN4h20b00po8thj+X+ArLm4="></latexit><latexit sha1_base64="WDxfIN4h20b00po8thj+X+ArLm4="></latexit>

Consider MNIST Data 
• One-vs-all       Fit 10 SVMs
• One-vs-one    Fit 45 SVMs

Can we formulate the concept of margin 
as some kind of area/volume of the ball 
(or some kind of convex region) that 
separate the K classes? Not a fan of this 
idea. 



Some Practical Issues

1. From binary decision to probability

� · x+ �0 = 1
<latexit sha1_base64="oSxAok1bjBloqofrAQdrl9KeHCc=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8iZ1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8uhaA+</latexit><latexit sha1_base64="oSxAok1bjBloqofrAQdrl9KeHCc=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8iZ1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8uhaA+</latexit><latexit sha1_base64="oSxAok1bjBloqofrAQdrl9KeHCc=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8iZ1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8uhaA+</latexit><latexit sha1_base64="oSxAok1bjBloqofrAQdrl9KeHCc=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8iZ1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8uhaA+</latexit>

� · x+ �0 = 0
<latexit sha1_base64="6DzZ95aEzUo98V2xIBRzZwUun7g=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8ie1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8tAaA9</latexit><latexit sha1_base64="6DzZ95aEzUo98V2xIBRzZwUun7g=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8ie1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8tAaA9</latexit><latexit sha1_base64="6DzZ95aEzUo98V2xIBRzZwUun7g=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8ie1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8tAaA9</latexit><latexit sha1_base64="6DzZ95aEzUo98V2xIBRzZwUun7g=">AAACGnicbVDLSsNAFJ3UV62vqks3g0UQhJKIoBuhoAuXFewDmlImk0k7dJIJMzdiCf0ON/6KGxeKuBM3/o2TNAttvTDM4Zx7ueceLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1jJRlLWoFFJ1PaKZ4BFrAQfBurFiJPQE63jjq0zv3DOluYzuYBKzfkiGEQ84JWCoQdVxPSl8PQnNl7oeAzLFLvUlYDckMPKC9GGKT3CuDGx8ie1BtWbX7bzwInAKUENFNQfVT9eXNAlZBFQQrXuOHUM/JQo4FWxacRPNYkLHZMh6BkYkZLqf5qdN8ZFhfBxIZV4EOGd/T6Qk1Jl705n51fNaRv6n9RIILvopj+IEWERni4JEYJA4ywn7XDEKYmIAoYobr5iOiCIUTJoVE4Izf/IiaJ/WHYNvz2qN6yKOMjpAh+gYOegcNdANaqIWougRPaNX9GY9WS/Wu/Uxay1Zxcw++lPW1w8tAaA9</latexit>

� · x+ �0 = �1
<latexit sha1_base64="KijDSTnEFCPYDpR890tMazCbL7Q=">AAACG3icbVDLSsNAFJ3UV62vqks3g0UQxJIUQTdCQRcuK9gHNKVMJpN26CQTZm7EEvofbvwVNy4UcSW48G+cpF1o64VhDufcyz33eLHgGmz72yosLa+srhXXSxubW9s75d29lpaJoqxJpZCq4xHNBI9YEzgI1okVI6EnWNsbXWV6+54pzWV0B+OY9UIyiHjAKQFD9cs115PC1+PQfKnrMSAT7FJfAnZDAkMvSB8m+ATnSt/Gl/jU6ZcrdtXOCy8CZwYqaFaNfvnT9SVNQhYBFUTrrmPH0EuJAk4Fm5TcRLOY0BEZsK6BEQmZ7qX5bRN8ZBgfB1KZFwHO2d8TKQl1Zt90Zob1vJaR/2ndBIKLXsqjOAEW0emiIBEYJM6Cwj5XjIIYG0Co4sYrpkOiCAUTZ8mE4MyfvAhatapj8O1ZpX49i6OIDtAhOkYOOkd1dIMaqIkoekTP6BW9WU/Wi/VufUxbC9ZsZh/9KevrB6m/oHU=</latexit><latexit sha1_base64="KijDSTnEFCPYDpR890tMazCbL7Q=">AAACG3icbVDLSsNAFJ3UV62vqks3g0UQxJIUQTdCQRcuK9gHNKVMJpN26CQTZm7EEvofbvwVNy4UcSW48G+cpF1o64VhDufcyz33eLHgGmz72yosLa+srhXXSxubW9s75d29lpaJoqxJpZCq4xHNBI9YEzgI1okVI6EnWNsbXWV6+54pzWV0B+OY9UIyiHjAKQFD9cs115PC1+PQfKnrMSAT7FJfAnZDAkMvSB8m+ATnSt/Gl/jU6ZcrdtXOCy8CZwYqaFaNfvnT9SVNQhYBFUTrrmPH0EuJAk4Fm5TcRLOY0BEZsK6BEQmZ7qX5bRN8ZBgfB1KZFwHO2d8TKQl1Zt90Zob1vJaR/2ndBIKLXsqjOAEW0emiIBEYJM6Cwj5XjIIYG0Co4sYrpkOiCAUTZ8mE4MyfvAhatapj8O1ZpX49i6OIDtAhOkYOOkd1dIMaqIkoekTP6BW9WU/Wi/VufUxbC9ZsZh/9KevrB6m/oHU=</latexit><latexit sha1_base64="KijDSTnEFCPYDpR890tMazCbL7Q=">AAACG3icbVDLSsNAFJ3UV62vqks3g0UQxJIUQTdCQRcuK9gHNKVMJpN26CQTZm7EEvofbvwVNy4UcSW48G+cpF1o64VhDufcyz33eLHgGmz72yosLa+srhXXSxubW9s75d29lpaJoqxJpZCq4xHNBI9YEzgI1okVI6EnWNsbXWV6+54pzWV0B+OY9UIyiHjAKQFD9cs115PC1+PQfKnrMSAT7FJfAnZDAkMvSB8m+ATnSt/Gl/jU6ZcrdtXOCy8CZwYqaFaNfvnT9SVNQhYBFUTrrmPH0EuJAk4Fm5TcRLOY0BEZsK6BEQmZ7qX5bRN8ZBgfB1KZFwHO2d8TKQl1Zt90Zob1vJaR/2ndBIKLXsqjOAEW0emiIBEYJM6Cwj5XjIIYG0Co4sYrpkOiCAUTZ8mE4MyfvAhatapj8O1ZpX49i6OIDtAhOkYOOkd1dIMaqIkoekTP6BW9WU/Wi/VufUxbC9ZsZh/9KevrB6m/oHU=</latexit><latexit sha1_base64="KijDSTnEFCPYDpR890tMazCbL7Q=">AAACG3icbVDLSsNAFJ3UV62vqks3g0UQxJIUQTdCQRcuK9gHNKVMJpN26CQTZm7EEvofbvwVNy4UcSW48G+cpF1o64VhDufcyz33eLHgGmz72yosLa+srhXXSxubW9s75d29lpaJoqxJpZCq4xHNBI9YEzgI1okVI6EnWNsbXWV6+54pzWV0B+OY9UIyiHjAKQFD9cs115PC1+PQfKnrMSAT7FJfAnZDAkMvSB8m+ATnSt/Gl/jU6ZcrdtXOCy8CZwYqaFaNfvnT9SVNQhYBFUTrrmPH0EuJAk4Fm5TcRLOY0BEZsK6BEQmZ7qX5bRN8ZBgfB1KZFwHO2d8TKQl1Zt90Zob1vJaR/2ndBIKLXsqjOAEW0emiIBEYJM6Cwj5XjIIYG0Co4sYrpkOiCAUTZ8mE4MyfvAhatapj8O1ZpX49i6OIDtAhOkYOOkd1dIMaqIkoekTP6BW9WU/Wi/VufUxbC9ZsZh/9KevrB6m/oHU=</latexit>

f(x) = � · x+ �0
<latexit sha1_base64="Dnpy87oScGVAvzEkUsrizIPxYz0=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDIjgm4KBV24rGAf0Cklk8m0oZnJkNwRy9CvceOvuHFREXHnp5hpC2rrhZDDOfdyzz1eLLgG2/60ciura+sb+c3C1vbO7l5x/6CpZaIoa1AppGp7RDPBI9YADoK1Y8VI6AnW8obXmd56YEpzGd3DKGbdkPQjHnBKwFC9YjUouyGBgRekj+NTXMWuJ4WvR6H5UtdjQMbYpb4E/NOGz/BU6dm9Ysmu2NPCy8CZgxKaV71XnLi+pEnIIqCCaN1x7Bi6KVHAqWDjgptoFhM6JH3WMTAiIdPddHrmGJ8YxseBVOZFgKfs74mUhDpzbjozr3pRy8j/tE4CwVU35VGcAIvobFGQCAwSZ5lhnytGQYwMIFRx4xXTAVGEgkm2YEJwFk9eBs3zimPw3UWpdjOPI4+O0DEqIwddohq6RXXUQBQ9oRc0QW/Ws/VqvVsfs9acNZ85RH/K+voGBcyleg==</latexit><latexit sha1_base64="Dnpy87oScGVAvzEkUsrizIPxYz0=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDIjgm4KBV24rGAf0Cklk8m0oZnJkNwRy9CvceOvuHFREXHnp5hpC2rrhZDDOfdyzz1eLLgG2/60ciura+sb+c3C1vbO7l5x/6CpZaIoa1AppGp7RDPBI9YADoK1Y8VI6AnW8obXmd56YEpzGd3DKGbdkPQjHnBKwFC9YjUouyGBgRekj+NTXMWuJ4WvR6H5UtdjQMbYpb4E/NOGz/BU6dm9Ysmu2NPCy8CZgxKaV71XnLi+pEnIIqCCaN1x7Bi6KVHAqWDjgptoFhM6JH3WMTAiIdPddHrmGJ8YxseBVOZFgKfs74mUhDpzbjozr3pRy8j/tE4CwVU35VGcAIvobFGQCAwSZ5lhnytGQYwMIFRx4xXTAVGEgkm2YEJwFk9eBs3zimPw3UWpdjOPI4+O0DEqIwddohq6RXXUQBQ9oRc0QW/Ws/VqvVsfs9acNZ85RH/K+voGBcyleg==</latexit><latexit sha1_base64="Dnpy87oScGVAvzEkUsrizIPxYz0=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDIjgm4KBV24rGAf0Cklk8m0oZnJkNwRy9CvceOvuHFREXHnp5hpC2rrhZDDOfdyzz1eLLgG2/60ciura+sb+c3C1vbO7l5x/6CpZaIoa1AppGp7RDPBI9YADoK1Y8VI6AnW8obXmd56YEpzGd3DKGbdkPQjHnBKwFC9YjUouyGBgRekj+NTXMWuJ4WvR6H5UtdjQMbYpb4E/NOGz/BU6dm9Ysmu2NPCy8CZgxKaV71XnLi+pEnIIqCCaN1x7Bi6KVHAqWDjgptoFhM6JH3WMTAiIdPddHrmGJ8YxseBVOZFgKfs74mUhDpzbjozr3pRy8j/tE4CwVU35VGcAIvobFGQCAwSZ5lhnytGQYwMIFRx4xXTAVGEgkm2YEJwFk9eBs3zimPw3UWpdjOPI4+O0DEqIwddohq6RXXUQBQ9oRc0QW/Ws/VqvVsfs9acNZ85RH/K+voGBcyleg==</latexit><latexit sha1_base64="Dnpy87oScGVAvzEkUsrizIPxYz0=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDIjgm4KBV24rGAf0Cklk8m0oZnJkNwRy9CvceOvuHFREXHnp5hpC2rrhZDDOfdyzz1eLLgG2/60ciura+sb+c3C1vbO7l5x/6CpZaIoa1AppGp7RDPBI9YADoK1Y8VI6AnW8obXmd56YEpzGd3DKGbdkPQjHnBKwFC9YjUouyGBgRekj+NTXMWuJ4WvR6H5UtdjQMbYpb4E/NOGz/BU6dm9Ysmu2NPCy8CZgxKaV71XnLi+pEnIIqCCaN1x7Bi6KVHAqWDjgptoFhM6JH3WMTAiIdPddHrmGJ8YxseBVOZFgKfs74mUhDpzbjozr3pRy8j/tE4CwVU35VGcAIvobFGQCAwSZ5lhnytGQYwMIFRx4xXTAVGEgkm2YEJwFk9eBs3zimPw3UWpdjOPI4+O0DEqIwddohq6RXXUQBQ9oRc0QW/Ws/VqvVsfs9acNZ85RH/K+voGBcyleg==</latexit>

Run a logistic regression wrt f(x_i). 

2. Multi-Class SVM

Recall how logistic 
regression and QDA/LDA/
NB handle multi-class? 

Vanilla extension to multiclass
• One-vs-all
• One-vs-one

Formulate a multi-class SVM

min
�,�0,⇠1:n

1

2
k�k2 + �

X
⇠i

subj to yi(xi · � + �0) � 1� ⇠i,

⇠i � 0
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fk(x) = �k · x+ �k0
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�,�0,⇠1:n

1

2

KX

k=1

k�kk2 + �
X

⇠i

subj to fyi(xi)� fy(xi) � 1� ⇠i,

⇠i � 0
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Linear SVM

Primal 

Dual

min
�,�0,⇠1:n
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2
k�k2 + �

X
⇠i

subj to yi(xi · � + �0) � 1� ⇠i,

⇠i � 0
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max
�1:n

X
�i �

1

2

X

i,j

�i�jyiyj(xi · xj)

subj to
X

�iyi = 0, � � �i � 0
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�iyi(xi · x⇤) + �̂0)
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Prediction

Note that we do not need to compute beta’s. In 
practice, we just need to solve for lambda_i’s from the 
Dual, and then use lambda_i’s to make predictions. 



Linear SVM Nonlinear SVM

Primal 

Dual

min
�,�0,⇠1:n
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2
k�k2 + �

X
⇠i

subj to yi(xi · � + �0) � 1� ⇠i,

⇠i � 0
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�i�jyiyj(xi · xj)

subj to
X

�iyi = 0, � � �i � 0
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Prediction

(x1, x2) =) (x1, x2, x1x2, x
2
1, x

2
2)

x =) �(x) = (�1(x),�2(x), . . . )
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Nonlinear Feature Mapping

Kernel Trick: We do not even need to construct the 
mapping. All we need is K�(x, z) = h�(x),�(z)i
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�iyiK(xi,x⇤) + �̂0

�
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The bivariate function K is often referred to as 
the reproducing kernel (r.k.) function. We can 
view K(x, z) as a similarity measure between x 
and z, which generalizes the ordinary 
Euclidean inner product between x and z. 

Popular kernel functions 
• d-th degree polynomial


• Gaussian kernel

Kernel Trick: We only need the feature space to 
exist, as well as the K function. 

How to Choose the K function?

1. Construct the feature mapping then we 
have the K function

K(x, z) = (1 + x · z)d
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The Kernel Function K



The bivariate function K is often referred to as 
the reproducing kernel (r.k.) function. We can 
view K(x, z) as a similarity measure between x 
and z, which generalizes the ordinary 
Euclidean inner product between x and z. 

Kernel Trick: We only need the feature space to 
exist, as well as the K function. 

How to Choose the K function?

1. Construct the feature mapping then we 
have the K function

2. Can we use any symmetric bivariate function 
as K? K must satisfy the Mercer’s condition: 
symmetric, semi-positive definite functionPopular kernel functions 

• d-th degree polynomial


• Gaussian kernel
K(x, z) = (1 + x · z)d
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The Kernel Function K

K(x, z) = exp(��x2) exp(��z2) exp(2�xz)

= exp(��x2)exp(��z2)
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The bivariate function K is often referred to as 
the reproducing kernel (r.k.) function. We can 
view K(x, z) as a similarity measure between x 
and z, which generalizes the ordinary 
Euclidean inner product between x and z. 

Popular kernel functions 
• d-th degree polynomial


• Gaussian kernel

Kernel Trick: We only need the feature space to 
exist, as well as the K function. 

How to Choose the K function?

1. Construct the feature mapping then we 
have the K function

2. Can we use any symmetric bivariate function 
as K? K must satisfy the Mercer’s condition: 
symmetric, semi-positive definite function

3. Who cares. Use any symmetric function that 
can capture the similarity between x and z for 
your application/task (check our discussion on 
distance for KNN)

K(x, z) = (1 + x · z)d
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K(x, z) = exp(��kx� zk2)
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The Kernel Function K

K(x, z) = exp(��x2) exp(��z2) exp(2�xz)

= exp(��x2)exp(��z2)
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k=0
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k!
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Loss + Penalty

min
�,�0

nX

i=1

⇥
1� yif(xi)

⇤
+
+ ⌫k�k2
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f(x) = � · x+ �0
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Convex Optimization 

f(x) =
X

i

�iyi(xi · x) + �0 � =
X

i

�iyixi

f(x) =
X

i

�iyiK(xi,x) + �0

=
X

i

↵iK(xi,x) + ↵0 k�k2 = ↵tKn⇥n↵

= ↵1K(x1,x) + · · ·+ ↵nK(xn,x) + ↵0
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Primal Primal 

Dual

min
�,�0,⇠1:n

1

2
k�k2 + �

X
⇠i

subj to yi(xi · � + �0) � 1� ⇠i,

⇠i � 0
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max
�1:n

X
�i �
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X

i,j

�i�jyiyj(xi · xj)

subj to
X

�iyi = 0, � � �i � 0
<latexit sha1_base64="oDvu6FZVWWPM92I+yC6eDSU2euk="></latexit><latexit sha1_base64="oDvu6FZVWWPM92I+yC6eDSU2euk="></latexit><latexit sha1_base64="oDvu6FZVWWPM92I+yC6eDSU2euk="></latexit><latexit sha1_base64="oDvu6FZVWWPM92I+yC6eDSU2euk="></latexit>

sign(
X

i2Ns

�iyi(xi · x⇤) + �̂0)
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Prediction

Dual



f(x) = ↵1K(x1,x) + · · ·+ ↵nK(xn,x) + ↵0
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The Kernel Machine
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Kernel Model

Matrix Representation

Parameter Estimation via Regularization
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Kernel Model

Matrix Representation

Parameter Estimation via Regularization

For SVM, we have
Hinge-Loss + Ridge-Penalty. 

For SVM, the sparsity is from Hinge-Loss

For this formulation, given a 
similarity function K(x, z) that 
doesn’t need to satisfy the 
Mercer’s condition, we just 
assume our model like this, 
and then estimate coefficients 
alpha’s with a (generalized) 
ridge penalty. 
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Kernel Model

Matrix Representation

Parameter Estimation via Regularization

For SVM, we have
Hinge-Loss + Ridge-Penalty. 

For SVM, the sparsity is from Hinge-Loss

For this formulation, given a 
similarity function K(x, z) that 
doesn’t need to satisfy the 
Mercer’s condition, we just 
assume our model like this, 
and then estimate coefficients 
alpha’s with a (generalized) 
ridge penalty. 

If K satisfies the Mercer’s condition, what 
more we can say about this framework? 
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Reproducing Property

Representer Theorem



Summary: SVMs
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1. Formulate the Primal Problem (dim = p+1)
2. Solve the Dual Problem (dim = n)
3. KKT Conditions link the two sets of solutions
4. SV: data points on the dashed lines or on the 

wrong side of the datelines
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Primal 

Popular kernel functions 
• d-th degree polynomial


• Gaussian kernel
K(x, z) = (1 + x · z)d
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K(x, z) = exp(��kx� zk2)
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f(x) = ↵1K(x1,x) + · · ·+ ↵nK(xn,x) + ↵0
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Summary: The Kernel Machine
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Kernel Model

Matrix Representation

Parameter Estimation via Regularization

Here K(x, z) is any symmetric 
function reflecting the similarity 
between x and z, which 
doesn’t need to satisfy the 
Mercer’s condition. 

Here we can employ any loss 
function for regression/
classification, and any penalty 
function on alpha. 


