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Tree Models

http://www.r2d3.us/visual-intro-to-machine-learning-part-1/

• Top-down greedy fashion: recursively divide data into 
small subgroups, and then fit a simple model (constant) 
for each subgroup.  

• Internal node: variable/split_point 
• Leaf node: a constant prediction

Build a Tree

Make Predictions



Tree Models

http://www.r2d3.us/visual-intro-to-machine-learning-part-1/

• Easy to interpret 
• Automatic variable selection and interaction 
• Invariant under any monotone 

transformations on predictors

Pros

Cons
• Unstable 
• Weak performance
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Bagging (Bootstrap Aggregation)

Z = {(x1, y1), (x2, y2), . . . , (xn, yn)}
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Bagging (Bootstrap Aggregation)

Z = {(x1, y1), (x2, y2), . . . , (xn, yn)}
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(x⇤1
3 , y⇤13 )

<latexit sha1_base64="CXzyHHRuQEYNuvvlPgTtgwfHUFs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCFSmJFXQlBTcuK9gHtDFMppN26GQSZiZiDMVfceNCEbf+hzv/xmmahbYeuNzDOfcyd44XMSqVZX0bhYXFpeWV4mppbX1jc8vc3mnJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtdTfz2PRGShvxWJRFxAjTg1KcYKS255l7lwa3dpcf2+AQmWXdrR65ZtqpWBjhP7JyUQY6Ga371+iGOA8IVZkjKrm1FykmRUBQzMi71YkkihEdoQLqachQQ6aTZ9WN4qJU+9EOhiyuYqb83UhRImQSengyQGspZbyL+53Vj5V84KeVRrAjH04f8mEEVwkkUsE8FwYolmiAsqL4V4iESCCsdWEmHYM9+eZ60Tqu2VbVvzsr1yzyOItgHB6ACbHAO6uAaNEATYPAInsEreDOejBfj3fiYjhaMfGcX/IHx+QPXvZOD</latexit><latexit sha1_base64="CXzyHHRuQEYNuvvlPgTtgwfHUFs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCFSmJFXQlBTcuK9gHtDFMppN26GQSZiZiDMVfceNCEbf+hzv/xmmahbYeuNzDOfcyd44XMSqVZX0bhYXFpeWV4mppbX1jc8vc3mnJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtdTfz2PRGShvxWJRFxAjTg1KcYKS255l7lwa3dpcf2+AQmWXdrR65ZtqpWBjhP7JyUQY6Ga371+iGOA8IVZkjKrm1FykmRUBQzMi71YkkihEdoQLqachQQ6aTZ9WN4qJU+9EOhiyuYqb83UhRImQSengyQGspZbyL+53Vj5V84KeVRrAjH04f8mEEVwkkUsE8FwYolmiAsqL4V4iESCCsdWEmHYM9+eZ60Tqu2VbVvzsr1yzyOItgHB6ACbHAO6uAaNEATYPAInsEreDOejBfj3fiYjhaMfGcX/IHx+QPXvZOD</latexit><latexit sha1_base64="CXzyHHRuQEYNuvvlPgTtgwfHUFs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCFSmJFXQlBTcuK9gHtDFMppN26GQSZiZiDMVfceNCEbf+hzv/xmmahbYeuNzDOfcyd44XMSqVZX0bhYXFpeWV4mppbX1jc8vc3mnJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtdTfz2PRGShvxWJRFxAjTg1KcYKS255l7lwa3dpcf2+AQmWXdrR65ZtqpWBjhP7JyUQY6Ga371+iGOA8IVZkjKrm1FykmRUBQzMi71YkkihEdoQLqachQQ6aTZ9WN4qJU+9EOhiyuYqb83UhRImQSengyQGspZbyL+53Vj5V84KeVRrAjH04f8mEEVwkkUsE8FwYolmiAsqL4V4iESCCsdWEmHYM9+eZ60Tqu2VbVvzsr1yzyOItgHB6ACbHAO6uAaNEATYPAInsEreDOejBfj3fiYjhaMfGcX/IHx+QPXvZOD</latexit><latexit sha1_base64="CXzyHHRuQEYNuvvlPgTtgwfHUFs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCFSmJFXQlBTcuK9gHtDFMppN26GQSZiZiDMVfceNCEbf+hzv/xmmahbYeuNzDOfcyd44XMSqVZX0bhYXFpeWV4mppbX1jc8vc3mnJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtdTfz2PRGShvxWJRFxAjTg1KcYKS255l7lwa3dpcf2+AQmWXdrR65ZtqpWBjhP7JyUQY6Ga371+iGOA8IVZkjKrm1FykmRUBQzMi71YkkihEdoQLqachQQ6aTZ9WN4qJU+9EOhiyuYqb83UhRImQSengyQGspZbyL+53Vj5V84KeVRrAjH04f8mEEVwkkUsE8FwYolmiAsqL4V4iESCCsdWEmHYM9+eZ60Tqu2VbVvzsr1yzyOItgHB6ACbHAO6uAaNEATYPAInsEreDOejBfj3fiYjhaMfGcX/IHx+QPXvZOD</latexit>

…

…



Bagging (Bootstrap Aggregation)

Z = {(x1, y1), (x2, y2), . . . , (xn, yn)}
<latexit sha1_base64="GgfaJiNYmp/dGjBVZM68MNaF0Ak=">AAACJHicbZBNS8MwGMdTX+d8q3r0EhzCBmO0Q1AQYejF4wT3gmspaZZuYWlaklQsZR/Gi1/Fiwdf8ODFz2K67aCbDwR+/J/nSfL/+zGjUlnWl7G0vLK6tl7YKG5ube/smnv7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o6u837knQtKI36o0Jm6IBpwGFCOlJc88d0Kkhn6Q3Y3hBXQyWH7w7CpMPbtSzbmec12z04+UnEg8l3jFGXtmyapZk4KLYM+gBGbV9Mx3fQtOQsIVZkjKnm3Fys2QUBQzMi46iSQxwiM0ID2NHIVEutnE5Bgea6UPg0jowxWcqL83MhRKmYa+nswtyfleLv7X6yUqOHMzyuNEEY6nDwUJgyqCeWKwTwXBiqUaEBZU/xXiIRIIK51rUYdgz1tehHa9Zls1++ak1LicxVEAh+AIlIENTkEDXIMmaAEMHsEzeAVvxpPxYnwYn9PRJWO2cwD+lPH9A1RboOY=</latexit><latexit sha1_base64="GgfaJiNYmp/dGjBVZM68MNaF0Ak=">AAACJHicbZBNS8MwGMdTX+d8q3r0EhzCBmO0Q1AQYejF4wT3gmspaZZuYWlaklQsZR/Gi1/Fiwdf8ODFz2K67aCbDwR+/J/nSfL/+zGjUlnWl7G0vLK6tl7YKG5ube/smnv7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o6u837knQtKI36o0Jm6IBpwGFCOlJc88d0Kkhn6Q3Y3hBXQyWH7w7CpMPbtSzbmec12z04+UnEg8l3jFGXtmyapZk4KLYM+gBGbV9Mx3fQtOQsIVZkjKnm3Fys2QUBQzMi46iSQxwiM0ID2NHIVEutnE5Bgea6UPg0jowxWcqL83MhRKmYa+nswtyfleLv7X6yUqOHMzyuNEEY6nDwUJgyqCeWKwTwXBiqUaEBZU/xXiIRIIK51rUYdgz1tehHa9Zls1++ak1LicxVEAh+AIlIENTkEDXIMmaAEMHsEzeAVvxpPxYnwYn9PRJWO2cwD+lPH9A1RboOY=</latexit><latexit sha1_base64="GgfaJiNYmp/dGjBVZM68MNaF0Ak=">AAACJHicbZBNS8MwGMdTX+d8q3r0EhzCBmO0Q1AQYejF4wT3gmspaZZuYWlaklQsZR/Gi1/Fiwdf8ODFz2K67aCbDwR+/J/nSfL/+zGjUlnWl7G0vLK6tl7YKG5ube/smnv7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o6u837knQtKI36o0Jm6IBpwGFCOlJc88d0Kkhn6Q3Y3hBXQyWH7w7CpMPbtSzbmec12z04+UnEg8l3jFGXtmyapZk4KLYM+gBGbV9Mx3fQtOQsIVZkjKnm3Fys2QUBQzMi46iSQxwiM0ID2NHIVEutnE5Bgea6UPg0jowxWcqL83MhRKmYa+nswtyfleLv7X6yUqOHMzyuNEEY6nDwUJgyqCeWKwTwXBiqUaEBZU/xXiIRIIK51rUYdgz1tehHa9Zls1++ak1LicxVEAh+AIlIENTkEDXIMmaAEMHsEzeAVvxpPxYnwYn9PRJWO2cwD+lPH9A1RboOY=</latexit><latexit sha1_base64="GgfaJiNYmp/dGjBVZM68MNaF0Ak=">AAACJHicbZBNS8MwGMdTX+d8q3r0EhzCBmO0Q1AQYejF4wT3gmspaZZuYWlaklQsZR/Gi1/Fiwdf8ODFz2K67aCbDwR+/J/nSfL/+zGjUlnWl7G0vLK6tl7YKG5ube/smnv7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o6u837knQtKI36o0Jm6IBpwGFCOlJc88d0Kkhn6Q3Y3hBXQyWH7w7CpMPbtSzbmec12z04+UnEg8l3jFGXtmyapZk4KLYM+gBGbV9Mx3fQtOQsIVZkjKnm3Fys2QUBQzMi46iSQxwiM0ID2NHIVEutnE5Bgea6UPg0jowxWcqL83MhRKmYa+nswtyfleLv7X6yUqOHMzyuNEEY6nDwUJgyqCeWKwTwXBiqUaEBZU/xXiIRIIK51rUYdgz1tehHa9Zls1++ak1LicxVEAh+AIlIENTkEDXIMmaAEMHsEzeAVvxpPxYnwYn9PRJWO2cwD+lPH9A1RboOY=</latexit>

Training Data

Bootstrap Sample 1

Z⇤1 = {x⇤1
1 , y⇤11 ), (x⇤1

2 , y⇤12 ), · · · , (x⇤1
n , y⇤1n )}

<latexit sha1_base64="kPpbTty4T/Lh7k6x0/8IF47bw34="></latexit><latexit sha1_base64="kPpbTty4T/Lh7k6x0/8IF47bw34="></latexit><latexit sha1_base64="kPpbTty4T/Lh7k6x0/8IF47bw34="></latexit><latexit sha1_base64="kPpbTty4T/Lh7k6x0/8IF47bw34="></latexit>

Z⇤2 = {x⇤2
1 , y⇤21 ), (x⇤2

2 , y⇤22 ), · · · , (x⇤2
n , y⇤2n )}

<latexit sha1_base64="lmB1bppm471oePK9pVIDvmP9H0U="></latexit><latexit sha1_base64="lmB1bppm471oePK9pVIDvmP9H0U="></latexit><latexit sha1_base64="lmB1bppm471oePK9pVIDvmP9H0U="></latexit><latexit sha1_base64="lmB1bppm471oePK9pVIDvmP9H0U="></latexit>

Z⇤B = {x⇤B
1 , y⇤B1 ), (x⇤B

2 , y⇤B2 ), · · · , (x⇤B
n , y⇤Bn )}

<latexit sha1_base64="dcDu8UJFdw2QuLT63doUsAr3vMA="></latexit><latexit sha1_base64="dcDu8UJFdw2QuLT63doUsAr3vMA="></latexit><latexit sha1_base64="dcDu8UJFdw2QuLT63doUsAr3vMA="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="3lDhqJOhEuQYeYz8mbQVnF1zQpM="></latexit><latexit sha1_base64="3lDhqJOhEuQYeYz8mbQVnF1zQpM="></latexit><latexit sha1_base64="pKwedaUKItQJElY3RBSD4/AEd1k="></latexit><latexit sha1_base64="dcDu8UJFdw2QuLT63doUsAr3vMA="></latexit><latexit sha1_base64="dcDu8UJFdw2QuLT63doUsAr3vMA="></latexit><latexit sha1_base64="dcDu8UJFdw2QuLT63doUsAr3vMA="></latexit><latexit sha1_base64="dcDu8UJFdw2QuLT63doUsAr3vMA="></latexit><latexit sha1_base64="dcDu8UJFdw2QuLT63doUsAr3vMA="></latexit><latexit sha1_base64="dcDu8UJFdw2QuLT63doUsAr3vMA="></latexit>

Bootstrap Sample 2

……

Bootstrap Sample B



Bagging (Bootstrap Aggregation)

We can fit B trees, each based on one bootstrap sample, then 
when making predictions, we aggregate over the B trees. 

Error = Bias + Variance

Big Trees Average

1

3

⇣
f1(x) + f2(x) + f3(x)

⌘

<latexit sha1_base64="Lw8eWKOr7wkrT55d8En8sq7J8jk=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyxCi1AmraDLUjcuK9gLtMOQSTNtaOZCkhHLMM/hxldx40IRd+LGtzHTjqCtBwIf/38OJ+d3I86ksqwvY2V1bX1js7BV3N7Z3ds3Dw47MowFoW0S8lD0XCwpZwFtK6Y47UWCYt/ltOtOrjK/e0eFZGFwq6YRtX08CpjHCFZackw08AQmCUqTegoHTTaCZeg5qHxfgWcaaj9QzyDzK45ZsqrWrOAyoBxKIK+WY34MhiGJfRoowrGUfWRFyk6wUIxwmhYHsaQRJhM8on2NAfaptJPZaSk81coQeqHQL1Bwpv6eSLAv5dR3daeP1Vguepn4n9ePlXdpJyyIYkUDMl/kxRyqEGY5wSETlCg+1YCJYPqvkIyxzkrpNIs6BLR48jJ0alVkVdHNeanRzOMogGNwAsoAgQvQANegBdqAgAfwBF7Aq/FoPBtvxvu8dcXIZ47AnzI+vwFbUZyk</latexit><latexit sha1_base64="Lw8eWKOr7wkrT55d8En8sq7J8jk=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyxCi1AmraDLUjcuK9gLtMOQSTNtaOZCkhHLMM/hxldx40IRd+LGtzHTjqCtBwIf/38OJ+d3I86ksqwvY2V1bX1js7BV3N7Z3ds3Dw47MowFoW0S8lD0XCwpZwFtK6Y47UWCYt/ltOtOrjK/e0eFZGFwq6YRtX08CpjHCFZackw08AQmCUqTegoHTTaCZeg5qHxfgWcaaj9QzyDzK45ZsqrWrOAyoBxKIK+WY34MhiGJfRoowrGUfWRFyk6wUIxwmhYHsaQRJhM8on2NAfaptJPZaSk81coQeqHQL1Bwpv6eSLAv5dR3daeP1Vguepn4n9ePlXdpJyyIYkUDMl/kxRyqEGY5wSETlCg+1YCJYPqvkIyxzkrpNIs6BLR48jJ0alVkVdHNeanRzOMogGNwAsoAgQvQANegBdqAgAfwBF7Aq/FoPBtvxvu8dcXIZ47AnzI+vwFbUZyk</latexit><latexit sha1_base64="Lw8eWKOr7wkrT55d8En8sq7J8jk=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyxCi1AmraDLUjcuK9gLtMOQSTNtaOZCkhHLMM/hxldx40IRd+LGtzHTjqCtBwIf/38OJ+d3I86ksqwvY2V1bX1js7BV3N7Z3ds3Dw47MowFoW0S8lD0XCwpZwFtK6Y47UWCYt/ltOtOrjK/e0eFZGFwq6YRtX08CpjHCFZackw08AQmCUqTegoHTTaCZeg5qHxfgWcaaj9QzyDzK45ZsqrWrOAyoBxKIK+WY34MhiGJfRoowrGUfWRFyk6wUIxwmhYHsaQRJhM8on2NAfaptJPZaSk81coQeqHQL1Bwpv6eSLAv5dR3daeP1Vguepn4n9ePlXdpJyyIYkUDMl/kxRyqEGY5wSETlCg+1YCJYPqvkIyxzkrpNIs6BLR48jJ0alVkVdHNeanRzOMogGNwAsoAgQvQANegBdqAgAfwBF7Aq/FoPBtvxvu8dcXIZ47AnzI+vwFbUZyk</latexit><latexit sha1_base64="Lw8eWKOr7wkrT55d8En8sq7J8jk=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyxCi1AmraDLUjcuK9gLtMOQSTNtaOZCkhHLMM/hxldx40IRd+LGtzHTjqCtBwIf/38OJ+d3I86ksqwvY2V1bX1js7BV3N7Z3ds3Dw47MowFoW0S8lD0XCwpZwFtK6Y47UWCYt/ltOtOrjK/e0eFZGFwq6YRtX08CpjHCFZackw08AQmCUqTegoHTTaCZeg5qHxfgWcaaj9QzyDzK45ZsqrWrOAyoBxKIK+WY34MhiGJfRoowrGUfWRFyk6wUIxwmhYHsaQRJhM8on2NAfaptJPZaSk81coQeqHQL1Bwpv6eSLAv5dR3daeP1Vguepn4n9ePlXdpJyyIYkUDMl/kxRyqEGY5wSETlCg+1YCJYPqvkIyxzkrpNIs6BLR48jJ0alVkVdHNeanRzOMogGNwAsoAgQvQANegBdqAgAfwBF7Aq/FoPBtvxvu8dcXIZ47AnzI+vwFbUZyk</latexit>



Bagging (Bootstrap Aggregation)

We can fit B trees, each based on one bootstrap sample, then 
when making predictions, we aggregate over the B trees. 

Error = Bias + Variance

Big Trees Average

1

B

BX

b=1

fb(x)
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Averaging won’t reduce 
variance if outcomes are 
(positively) correlated. 

?



Random Forest

a modification of Bagging; de-correlates trees by randomizing 
the choice for split-variables; minimal tuning; my favorite out-
of-the-box learning algorithm. 

Input: Training Data, B (# of trees) 
for i = 1 to B do 
|  Generate a bootstrap sample of the original data 
|  Grow a big regression tree to the bootstrapped data 
|  for each split do 

|  Select m variables at random from all p variable 
|  Pick the best variable/split_point among the m 
|  Split the node into two  
|  end 

|  end



Overview

Regression Tree

1. How to build a tree 
2. How to use tree to form prediction 
3. Pros and cons of tree models

Regression Forest

1. randomForest based on bagging 
2. gbm based on boosting

Case Study: Ames Housing Data



Boosting Trees

Boosting

Algorithms that can boost the performance of a set of weak 
regression (or classification) trees via combing them. 



Boosting Trees

Boosting

Algorithms that can boost the performance of a set of weak 
regression (or classification) trees via combing them. 

Forward stage-wise additive model

F (x) = f1(x) + f2(x) + · · ·+ fT�1(x) + fT (x)
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It is difficult to solve for all f_t’s. Instead we solve them 
sequentially using a forward stage-wise greedy algorithm. 



Forward Stage-wise Optimization

Input: Training Data, T (# of iterations) 
Initialization: F(x) = 0 and current residuals r_i = y 
for t = 1 to T do 
|  Fit a regression tree f_t to the current residuals r_i 
|  Add f_t to F:  
|             F = F + f_t 
|  Update the current residual r_i <— r_i - f_t(x_i) 
|  end

F (x) = f1(x) + f2(x) + · · ·+ fT�1(x) + fT (x)
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Forward Stage-wise Optimization

Input: Training Data, T (# of iterations) 
Initialization: F(x) = 0 and current residuals r_i = y 
for t = 1 to T do 
|  Fit a regression tree f_t to the current residuals r_i 
|  Add f_t to F:  
|             F = F + f_t 
|  Update the current residual r_i <— r_i - f_t(x_i) 
|  end

F (x) = f1(x) + f2(x) + · · ·+ fT�1(x) + fT (x)
<latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit><latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit><latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit><latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit>

Tuning parameters: learning rate η, number of trees T, 
complexity of ft’s (depth of trees), and subsampling rate. 

f_t <—  η f_t



Forward Stage-wise Optimization

Input: Training Data, T (# of iterations) 
Initialization: F(x) = 0 and current residuals r_i = y 
for t = 1 to T do 
|  Fit a regression tree f_t to the current residuals r_i 
|  Add f_t to F:  
|             F = F + f_t 
|  Update the current residual r_i <— r_i - f_t(x_i) 
|  end

F (x) = f1(x) + f2(x) + · · ·+ fT�1(x) + fT (x)
<latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit><latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit><latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit><latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit>

Tuning parameters: learning rate η, number of trees T, 
complexity of ft’s (depth of trees), and subsampling rate. 



Forward Stage-wise Optimization

Input: Training Data, T (# of iterations) 
Initialization: F(x) = 0 and current residuals r_i = y 
for t = 1 to T do 
|  Fit a regression tree f_t to the current residuals r_i 
|  Add f_t to F:  
|             F = F + f_t 
|  Update the current residual r_i <— r_i - f_t(x_i) 
|  end

F (x) = f1(x) + f2(x) + · · ·+ fT�1(x) + fT (x)
<latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit><latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit><latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit><latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit>

Tuning parameters: learning rate η, number of trees T, 
complexity of ft’s (depth of trees), and subsampling rate. 

Relatively small trees (weak regression trees)



Forward Stage-wise Optimization

Input: Training Data, T (# of iterations) 
Initialization: F(x) = 0 and current residuals r_i = y 
for t = 1 to T do 
|  Fit a regression tree f_t to the current residuals r_i 
|  Add f_t to F:  
|             F = F + f_t 
|  Update the current residual r_i <— r_i - f_t(x_i) 
|  end

F (x) = f1(x) + f2(x) + · · ·+ fT�1(x) + fT (x)
<latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit><latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit><latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit><latexit sha1_base64="hC9tSmYv6F4q8YWDna4gErUF1Og=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKmJJiqIboSiIywq9QRvCZDJph04uzEzEEvokbnwVNy4UEVzp2zhJI2jrgYGP/z+HM+d3IkaFNIwvrbCwuLS8Ulwtra1vbG7p2zttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFGV6nfuSNc0DBoynFELB8NAupRjKSSbP30unJ/CC+gZ5spHCmoTaGP3VCKTEmax+bkx24qsPWyUTWygvNg5lAGeTVs/aPvhjj2SSAxQ0L0TCOSVoK4pJiRSakfCxIhPEID0lMYIJ8IK8nOm8ADpbjQC7l6gYSZ+nsiQb4QY99RnT6SQzHrpeJ/Xi+W3rmV0CCKJQnwdJEXMyhDmGYFXcoJlmysAGFO1V8hHiKOsFSJllQI5uzJ89CuVU2jat6elOuXeRxFsAf2QQWY4AzUwQ1ogBbA4AE8gRfwqj1qz9qb9j5tLWj5zC74U9rnN0cBnQc=</latexit>

Tuning parameters: learning rate η, number of trees T, 
complexity of ft’s (depth of trees), and subsampling rate. 

Sampling without replacement, i.e., less # of 
samples will be used when fitting a single tree 
(computation advantage). 



Demo: Boosting Tree for Curve Fitting

http://uc-r.github.io/public/images/analytics/gbm/boosted_stumps.gif



Comparison

randomForest BoostingTree SingleTree

Accuracy

Interpretation

Easy-to-Use

Computation

Tree Size Large Small

Parallel Yes No



Overview

Regression Tree

1. How to build a tree 
2. How to use tree to form prediction 
3. Pros and cons of tree models

Regression Forest

1. randomForest based on bagging 
2. gbm based on boosting

Case Study: Ames Housing Data



Ames Housing Data

https://www.kaggle.com/c/house-prices-advanced-regression-techniques

Full data from R package [AmesHousing]
• n = 2930 (houses) 
• p = 83 (features, including PID and Sale_Price)

[1] "PID"                "MS_SubClass"        "MS_Zoning"          
 [4] "Lot_Frontage"       "Lot_Area"           "Street"             
 [7] "Alley"              "Lot_Shape"          "Land_Contour"       
[10] "Utilities"          "Lot_Config"         "Land_Slope"         
[13] "Neighborhood"       "Condition_1"        "Condition_2"        
[16] "Bldg_Type"          "House_Style"        "Overall_Qual"       
[19] "Overall_Cond"       "Year_Built"         "Year_Remod_Add"     
[22] "Roof_Style"         "Roof_Matl"          "Exterior_1st"       
[25] "Exterior_2nd"       "Mas_Vnr_Type"       "Mas_Vnr_Area"       
[28] "Exter_Qual"         "Exter_Cond"         "Foundation"         
[31] "Bsmt_Qual"          "Bsmt_Cond"          "Bsmt_Exposure"      
[34] "BsmtFin_Type_1"     "BsmtFin_SF_1"       "BsmtFin_Type_2"     
[37] "BsmtFin_SF_2"       "Bsmt_Unf_SF"        "Total_Bsmt_SF"      
[40] "Heating"            "Heating_QC"         "Central_Air"        
[43] "Electrical"         "First_Flr_SF"       "Second_Flr_SF"      
[46] "Low_Qual_Fin_SF"    "Gr_Liv_Area"        "Bsmt_Full_Bath"     
[49] "Bsmt_Half_Bath"     "Full_Bath"          "Half_Bath"          
[52] "Bedroom_AbvGr"      "Kitchen_AbvGr"      "Kitchen_Qual"       
[55] "TotRms_AbvGrd"      "Functional"         "Fireplaces"         
[58] "Fireplace_Qu"       "Garage_Type"        "Garage_Yr_Blt"      
[61] "Garage_Finish"      "Garage_Cars"        "Garage_Area"        
[64] "Garage_Qual"        "Garage_Cond"        "Paved_Drive"        
[67] "Wood_Deck_SF"       "Open_Porch_SF"      "Enclosed_Porch"     
[70] "Three_season_porch" "Screen_Porch"       "Pool_Area"          
[73] "Pool_QC"            "Fence"              "Misc_Feature"       
[76] "Misc_Val"           "Mo_Sold"            "Year_Sold"          
[79] "Sale_Type"          "Sale_Condition"     "Longitude"          
[82] "Latitude"           "Sale_Price"        

https://www.kaggle.com/c/house-prices-advanced-regression-techniques


> library("randomForest") 
> set.seed(123) 
> m1 = randomForest(Sale_Price ~ ., importance=TRUE, 
                  tmpdata[-test.id, ], ntree=500) 
> y.pred = predict(m1, newdata = tmpdata[test.id, ])

> y.test = tmpdata$Sale_Price[test.id] 
> sqrt(mean((y.pred - y.test)^2))

> sort(abs(y.pred - y.test), decreasing = TRUE)[1:10]

> library(“gbm”) 
> gbm.fit <- gbm( 
  formula = Sale_Price ~ ., 
  distribution = "gaussian", 
  data = tmpdata[-test.id, ], 
  n.trees = 5000, 
  interaction.depth = 2, 
  shrinkage = 0.01, 
  cv.folds = 5, 
  bag.fraction = 0.75, 
  verbose = FALSE 
) 

> y.pred = predict(gbm.fit, n.trees = 4971, testdata) 
> sqrt(mean((y.test - y.pred)^2))

randomForest

GBM

Minimal pre-processing:  
— no transformation;  
— fill in some missing values;  
— no one-hot coding for cat. 



> library("randomForest") 
> set.seed(123) 
> m1 = randomForest(Sale_Price ~ ., importance=TRUE, 
                  tmpdata[-test.id, ], ntree=500) 
> y.pred = predict(m1, newdata = tmpdata[test.id, ])

> y.test = tmpdata$Sale_Price[test.id] 
> sqrt(mean((y.pred - y.test)^2))

> sort(abs(y.pred - y.test), decreasing = TRUE)[1:10]

> library(“gbm”) 
> gbm.fit <- gbm( 
  formula = Sale_Price ~ ., 
  distribution = "gaussian", 
  data = tmpdata[-test.id, ], 
  n.trees = 5000, 
  interaction.depth = 2, 
  shrinkage = 0.01, 
  cv.folds = 5, 
  bag.fraction = 0.75, 
  verbose = FALSE 
) 

> y.pred = predict(gbm.fit, n.trees = 4971, testdata) 
> sqrt(mean((y.test - y.pred)^2))

randomForest

GBM
Project 1 for F18 Stat 542 

10 Splits of Training/Test 
Target perf < 0.132 

Very difficult for some 
splits, e.g., Split 3.  Why?




